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The generic Bohmian trajectories are calculated for an isolated par-
ticle in an approximate energy eigenstate, for an arbitrary one-
dimensional potential well. It is shown, that the necessary and su-
cient condition for there to be a negligible probability of the trajectory
deviating signicantly from the classical trajectory at any stage in the
motion is, that the state be a narrowly localised wave packet. The
properties of the Bohmian trajectories are discussed in relationship
to the theory of retrodictively optimal simultaneous measurements
of position and momentum which was presented in several previous
papers. It is shown that the Bohmian velocity at x is the expectation
value of the velocity which would be observed at x, if one were to
make a retrodictively optimal simultaneous measurement of x and
p, in the limit as the error in the measurement of x tends to zero.
This explains the tendency of the Bohmian particle to behave in a
highly non-classical manner. It also explains why the trajectories in
the interpretation recently proposed by Garcia de Polavieja tend to
be much more nearly classical in the limit of large quantum number.
The implications for other trajectory interpretations are considered.
11. Introduction
This is the rst of two papers in which we investigate the classical limit in
Bohm’s interpretation of quantum mechanics [1, 2, 3]. We are concerned with the
question as to whether the Bohmian trajectories typically become quasi-classical
under circumstances where classical mechanics is known to give an accurate account
of the experimental data; and, supposing that they do become quasi-classical, the
question as to how this happens. We discuss the motion of an isolated particle in
this article, and the eect of decoherence in the sequel.
Although our main concern is with the Bohm interpretation, we will also dis-
cuss the interpretation recently proposed by Garcia de Polavieja [4]. Garcia de
Polavieja’s interpretation is important in its own right. However, our reason for
discussing it here is that it turns out that there are some interesting connections
between it and the Bohm interpretation. Because of these connections Garcia de
Polavieja’s interpretation provides some additional insight into the questions ad-
dressed in this paper.
Bohm and Hiley [2] have argued that the Bohm interpretation does account for
the existence of an approximately classical level of phenomena due to the eect of
the electromagnetic radiation and other particles incident on a macroscopic object,
such as a planet. On the other hand Holland [5] has argued that Bohm’s theory
may not be rich enough to embrace the full variety of potential classical motions;
and, in consequence, that it may not be a universal physical theory. Holland [6] has
gone on to propose an alternative trajectory interpretation, which he hopes will be
more satisfactory in this respect.
The issues raised by these authors are of some importance. There has been
much discussion of the fact [7, 8, 9, 10, 11, 12, 13] that, in certain situations,
it can happen that the actual trajectory of a Bohmian particle is quite dierent
from the \observed" trajectory (that is, the trajectory as indicated by suitably
positioned measuring devices). Englert et al [7] describe this behaviour as \surreal".
It is certainly counter-intuitive. It does not only conflict with classical intuition.
As Griths [13] has stressed it also conflicts, both with the everyday, working
intuition of experimentalists, and with the more carefully formulated statements of
the consistent histories interpretation of quantum mechanics. On the other hand
it must be acknowledged that these considerations do not yet amount to a clear
logical objection. There is no evident conflict with experiment. The features in
question seem only to concern events taking place in what might be described as
the metaphysical background.
However, there does appear to be the possibility of a very serious objection if we
turn from the case of the micro-objects discussed by Englert et al, to the case of a
macro-object. Suppose, for example, that it was a cat (of the ordinary, domestic
variety) which was under observation, and suppose that the measuring device was
the eye of a human observer. What should we conclude if it turned out that, here
too, there can be a marked discrepancy between what, on the Bohm interpretation,
is taken to be the actual trajectory of the object, and what one would ordinarily
describe as the trajectory that is directly observed?
In the Bohm interpretation one usually makes what Fine [14] describes as an
assumption of \accessibility" so far as positions are concerned. The results men-
tioned above show that this assumption cannot always be maintained in the case
of micro-objects. However, one would still like to be able to assume that, at least
in the case of a macro-object, the position which is (as one would normally say)
directly perceived closely corresponds to the position which actually exists (modulo
exceptional instances of hallucination etc.). Bell [15] makes the point with his usual
2vigour and clarity when he says that, in the Bohm interpretation, the positions of
macroscopic objects are the very opposite of \hidden":
Absurdly, such theories are known as ‘hidden variable’ theories. Ab-
surdly, for there it is not in the wavefunction that one nds an image
of the visible world, and the results of experiments, but in the comple-
mentary ‘hidden’(!) variables.
It should be noted that it is not simply an instantaneous image, or \snapshot"
that is wanted. One also wants to be able to assume that our memory traces, of
the way in which a macroscopic body appears to have moved in the past, closely
correspond to the way in which it actually moved. In other words, one wants the
whole trajectory to be \accessible," and not just the instantaneous position.
It may be asked whether this assumption is strictly necessary. If one drops
the assumption then one is committed to what Maudlin [16] describes as a \non-
standard interpretation," in which phenomena of the kind discussed by Englert et
al persist on the macroscopic level, so that the apparent behaviour of macroscopic
objects can be markedly and systematically dierent from their actual behaviour.
It might, perhaps, be possible to re-construct the Bohm interpretation along such
lines. Indeed, Page [17] has made some denite proposals in this connection. How-
ever, if one takes such an approach then, as Page points out, it is hard to see what
is achieved by postulating the existence of determinate trajectories, in addition to
the wave function. \Beables" of this strikingly elusive kind would appear to have
a function which is purely decorative|to be the sort of thing that Wittgenstein
had in mind when he wrote that \a wheel that can be turned though nothing else
moves with it, is not part of the mechanism" [18], and which he also referred to as
\wallpaper" [19]. Furthermore, if one abandons the assumption of accessibility in
respect of the trajectories of macro-objects, then one is making the interpretation
depend on profoundly dicult questions regarding the nature of human conscious-
ness. As Bohm and Hiley remark, an ontological interpretation such as this has no
obvious advantage over the Copenhagen Interpretation.
The issues raised by Bohm and Hiley [2] and Holland [5] are important because, if
the Bohm interpretation does not generally produce the correct classical limit, then
we are clearly not justied in making the assumption of accessibility in regard to the
trajectories of macro-objects. The problem is that, as Holland has stressed, there
are many indications that the generic Bohmian trajectory is highly non-classical.
On the other hand, the observed trajectories of macro-objects are almost invariably
quasi-classical. This is the problem which motivates our investigation.
Bohm and Hiley argue that the Bohm interpretation can successfully explain the
existence of generic quasi-classicality on the macroscopic level provided that one
takes into account the fact that a macroscopic body is seldom, if ever, truly isolated.
We will discuss the eect of the environment in the sequel to this paper, where we
will give some additional arguments in support of Bohm and Hiley’s conclusion.
However, before analysing the environmental eects, we wish to establish a number
of results regarding the behaviour of a body before it begins to interact with its
environment, when it is still isolated: which is the subject of this paper.
Our discussion falls into two main parts. In the rst part (Sections 2 and 3)
we amplify Holland’s statement [5], that states for which the quantum potential is
negligible, leading to approximately classical trajectories, are \exceptional". Our
aim is to clarify the sense in which it is true, that the Bohmian trajectories of an
isolated body are generically non-classical.
Consider a particle moving in an arbitrary one-dimensional potential well. If it
is in an energy eigenstate, then the Bohmian velocity is, of course, exactly zero.
However, such states are clearly not typical. One would usually expect it only to





cr jn+ ri (1)
where jni denotes the nth energy eigenstate, with energy En. Since we are interested
in the classical limit we assume that the state is highly excited, n  1. The fact
that jψi is an approximate energy eigenstate means that n  n. We ask: what
conditions must the coecients cr satisfy in order to ensure that there is a negligible
probability of non-classical behaviour?
In Section 2 we show that the instantaneous speed tends to take values greatly
in excess of the value which would be expected classically. The necessary and
sucient condition for there to be a negligible probability of this happening at any
time during the motion is that jψi is a narrowly localised wave-packet.
This result does not entirely settle the question since the instantaneous velocity
typically undergoes rapid fluctuations (as illustrated in Fig. 3). One might argue
that, for the purposes of a comparison with classical physics, the relevant quantity
is, not this, but a suitable time-average [20]. In Section 3 we accordingly examine
the eect of averaging the velocity over a time large compared with the period of
the fluctuations, but small compared with the the typical time-scale of a classical
observation. We show that one then faces the opposite problem: rather than being
too big, the time-averaged velocity is typically much less than the value which
would be expected classically. The necessary and sucient condition for there to
be probability  1 of the time-averaged velocity always being close to the classical
value is again, that jψi is a narrowly localised wave-packet.
These results show that, for an isolated particle in one space dimension, the
Bohm interpretation produces quasi-classical trajectories just in those cases where
no such interpretation is needed (the conceptual diculties which originally led
Bohm to propose his interpretation arise from the possible occurrence of superpo-
sitions of macroscopically distinguishable states, as in the paradigmatic instance of
Schro¨dinger’s cat [21]). They consequently lend additional support to the propo-
sition, that the interaction of a macroscopic body with its environment plays an
essential role in allowing the Bohm Interpretation to explain the existence of generic
quasi-classicality at the macroscopic level, just as it does in other approaches to
the interpretation of quantum mechanics [22, 23, 24, 25, 26].
In the second half of the paper (Sections 4{6) we investigate the reasons why
the Bohmian trajectories behave in this way. There are many other interpretations
having the same basic ontology as the Bohm interpretation (so that the particles
follow precisely dened trajectories), but in which the dynamics is dierent [4, 6,
27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40]. The Bohm interpretation was
the rst such interpretation to be discovered. It also seems to be mathematically
the most straightforward. However, that does not necessarily mean it is the best
trajectory interpretation. It is natural to ask whether the curious features of the
Bohmian trajectories (curious, really, from any point of view, and not just from the
point of view of classical intuition) are an inescapable consequence of the postulated
existence of determinate trajectories, which must necessarily recur in every other
such interpretation; or whether, on the contrary, it is possible to avoid these features
by introducing the trajectories in a dierent manner.
In fact, it appears from the examples discussed in the paper by Garcia de
Polavieja [4], that there is at least one trajectory interpretation in which the correct
classical limit is obtained much more easily, without any need to take into account
the interaction with the environment. It turns out that the underlying reasons for
4this are closely connected to the reasons why the Bohmian trajectories behave so
dierently.
The phase space probability distribution for Garcia de Polavieja’s interpretation
is the Husimi, or Q-function [41, 42, 43, 44, 45, 46], Qλ(x, p). As we discuss in
Section 4, this function plays a canonical role in the theory of joint measurements of
position and momentum [44, 47, 48, 49, 50, 51, 52]: namely, it gives the distribution
of results for any retrodictively optimal measurement in which x and p are measured





In Section 4 we calculate the Husimi function for states of the kind dened
in Eq. (1); and we show that it is concentrated on the classical energy surface pro-
vided that the value of λ is not too extreme (i.e. not too large and not too small). It
is not surprising that this is so, for it is well known from quantum optics [44] that,
for suitable choices of λ, Qλ(x, p) tends to be similar to the kind of distribution
which might be expected classically. The reason is, that it describes the result of
the type of observation on which classical physics is based, in which one acquires
imperfectly accurate knowledge about both position and momentum. This is also
the reason why the trajectories in Garcia de Polavieja’s interpretation become ap-
proximately classical in the limit of large quantum number (for appropriate choices
of λ).
In Section 5 we return to the Bohm Interpretation. We show that vB(x), the









In other words, vB(x) may be calculated by rst calculating the mean velocity at
x as given by Garcia de Polavieja’s interpretation, and then taking the limit as
λ! 0.
This explains why the time-averaged Bohmian velocity tends to be smaller than
the classical value. It is because vB(x) is related to a mean in Garcia de Polavieja’s
interpretation (and to the mean velocity that would be observed at x, if one were
to make retrodictively optimal simultaneous measurements of x and p). Suppose,
for instance, the system was in an exact energy eigenstate. Then, on Garcia de
Polavieja’s interpretation, there is probability 1
2 that the particle is moving at the
classical speed to the left, and probability 12 that it is moving at the classical speed
to the right. When one takes the mean, however, one gets the value zero|which is
appropriate for a mean, but intuitively most implausible if taken to be the actual
velocity of the particle, as in the Bohm interpretation.
This formula also reveals the reason why the instantaneous Bohmian velocity
tends to undergo rapid fluctuations, up to a maximum which is very much greater
than the classical value. It is because, in taking the limit λ! 0, we are considering
the distribution Qλ(x, p) corresponding to a measurement in which x is determined
with perfect accuracy. A measurement of this kind would require a probe of innite
momentum. In such circumstances one might expect to see violent fluctuations in
the velocity.
It appears that the above features of the Bohmian trajectories are due to the
particular way in which this particular interpretation has been constructed. They
are not characteristic of trajectory interpretations in general. It would be interesting
to see if the same is true of the \surreality" discussed by Englert et al [7]. It would
also be interesting to see if there are any other interpretations, apart from Garcia
de Polavieja’s interpretation, which already produce the correct classical limit in
the case of an isolated particle|as we briefly discuss in Section 6.
52. The Instantaneous Velocity
We consider a particle moving in one space dimension under the influence of a
potential V (x). For simplicity we will assume that V (x) has a single minimum, and
that the spectrum of the Hamiltonian is purely discrete. It would not be dicult
to extend the discussion to the case of more general potentials.
Since we are interested in the limit of large quantum number it is appropriate
to use the WKB approximation. Let jni be the nth energy eigenstate, and let En
be the corresponding eigenvalue. Let
pn(x) =
p
2m(En − V (x))
be the momentum of a classical particle with mass m and energy En located at x.







be the time which the particle would take classically to get from an− to x. Let
Tn = 2τn(an+)







Provided that x is not close to one of the classical turning points we then have














1 if an− < x < an+
0 if x < an− or an+ < x
We are interested in the case when the system is in a state of the form dened by



































Since we are assuming that n  n we can make some further approximations.
Dene
p(x) = pn¯(x) E = En¯ S(x) = Sn¯(x)
τ(x) = τn¯(x) T = Tn¯ a = an¯
If n− n n we can approximate
pn(x)− p(x)  mp




6We then use the quantisation conditionZ an+
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En  E + (n− n)~ω
and
Sn(x)  S(x) + (n− n)~ωτ(x)
where ω is the classical frequency, 2piT . Using these approximations in Eq. (2) we
nd














S(x)− Et g+(x, t) (3)












irω(τ(x)  t(x) (4)
where
(x) = n¯(x)
The imaginary exponentials exp
 i~(S(x) Et are rapidly oscillating functions
of x and t, having spatial period hp(x) (the de Broglie wavelength) and frequency
E
~ . The functions g, by contrast, are much more slowly varying, being eectively
constant over distances  a+−a−∆n and times  T∆n .
From the form of the expression on the right hand side of Eq. (4) it can be seen
that the function g+(x, t) propagates to the right at the classical speed
p(x)
m until it
reaches the point x = a+, where it is reflected and becomes the function g−(x, t).
Similarly, g−(x, t) propagates to the left at the classical speed until it reaches the
point x = a−, where it is reflected and becomes the function g+(x, t).
Let us now calculate the instantaneous Bohmian velocity, given by
vB(x, t) =
~ Im
(hψt j xi ∂∂x hx j ψti
m jhx j ψtij2
(5)
We have from Eq. (3)
∂
∂x



























(except in the vicinity of the classical turning points). The functions g(x, t) are




g(x, t) i ∂
∂x
g(x, t)  p(x)~ g(x, t) (6)




7In terms of these quantities, and using the approximation of Eq. (6), we have
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jhx j ψtij2  ρ+(x, t) + ρ−(x, t)
− 2
p




+ φ+(x, t)− φ−(x, t)

(9)
As x varies the last term on the right hand side of Eq. (9) fluctuates rapidly, with
a spatial period  the de Broglie wavelength. The functions ρ, by contrast, are
nearly constant on this scale. It follows that the quantity
ρ(x, t) = ρ+(x, t) + ρ−(x, t) (10)
is the mean x-space probability density function, averaged over a de Broglie wave-
length.
We will discuss the physical signicance of the quantities ρ further in Section 4,
where we will show that ρ+ δx (respectively ρ− δx) is the probability that a retro-
dictively optimal joint measurement [49, 50, 51, 52] of x and p at an appropriate
resolution will nd the particle to be in the interval (x, x+ δx) and moving to the
right (respectively, left). It can then be seen that the quantity in parentheses on
the right hand side of Eq. (8) is the dierence between the right- and left-moving
probability density functions.
Inserting the results of Eqs. (8) and (9) in Eq. (5) we nd
vB(x, t)  vcl(x)
 ρ+(x, t)− ρ−(x, t)
ρ+(x, t) + ρ−(x, t)− 2
p
ρ+(x, t)ρ−(x, t) cos
(
2
~S(x) + φ+(x, t)− φ−(x, t)

(11)
for a− < x < a+ (except in the immediate vicinity of the turning points). In this
expression vcl(x) =
p(x)
m , the classical speed at position x.
If x changes by an amount  a+−a−∆n and t changes by an amount  T∆n the
change in vB(x, t) is almost entirely due to the term 2~S(x) in the argument of
the cosine. It follows that vB(x, t) is a rapidly fluctuating function of x, varying
between the extremal values








over distances  the de Broglie wavelength.
If ρ+(x, t)  ρ−(x, t)
v−(x, t)  v+(x, t)  vcl(x)
and the motion is approximately classical. If, on the other hand, ρ+(x, t)  ρ−(x, t)
v−(x, t)  v+(x, t)  −vcl(x)
The motion is again approximately classical, but in the opposite direction.
Suppose, however, that neither of these conditions is satised. In that case
jv+(x, t)j  vcl(x), and the motion is highly non-classical (unless x is in the imme-
diate vicinity of the turning points, where the approximations break down).
8The necessary and sucient condition for the Bohmian velocity to be close to











(except in the vicinity of the points x = a).
If we only require the state to be such that there is a high probability of the
Bohmian velocity being close to vcl(x) at all times, then we only need to impose
condition (12) at points where the mean probability density ρ = ρ+ + ρ− is non-
negligible [see the remark following Eq. (10)]. It is, however, important that the
inequality always holds true at such points, for every time t. Suppose, for example,





















Figure 1. The graphs in (a) show the functions ρ at a time
when ρ+ has a single, rather broad peak, centred in the middle
of the interval (a−, a+), and when ρ− is everywhere negligible. In
this situation vB is everywhere close to vcl. The graphs in (b)
show the situation at a time  T4 later. There is then a signicant
probability of the particle being in a region where vB fluctuates
violently, up to a maximum which is much greater than the speed
which would be expected classically. The arrows show the direction
of propagation of the functions. See the discussion in the paragraph
following Eq. (12)
9vB  vcl at all values of x for which ρ is non-negligible. However, at a time  T4
later ρ will be as shown in Fig. 1(b), so that there is a signcant probability of the
particle being in a region where ρ+  ρ−, and which is well away from the turning
points. From a consideration of this and other examples it can be seen that there
will only be a high probability of the velocity being close to vcl throughout the
motion if the state is a highly localised wave packet, so that the peak in ρ is very
narrow.
Of course, it will still happen that ρ+(x, t)  ρ−(x, t) for some values of x and t,
even when the peak in ρ is very narrow. However, there will only be a non-negligible
probability of nding the particle at a position x for which this is true when the
peak is close to one of the classical turning points, and so it does not aect the
conclusion. In the rst place, the approximations leading to Eq. (11) break down
when x  a. In the second place, even if Eq. (11) were valid at the turning points,
the fact that vcl  0 at these points means that one can still have v  vcl, even
though ρ+  ρ−.
3. The Time-Averaged Velocity
In order to make the argument in the last section complete we need to consider
a possible objection, due to Squires [20]. In the last section we argued, that if
the state is not a narrowly localised wave-packet, then there is a non-negligible
probability that the particle will, at some stage in the motion, be in a region
where vB(x, t) fluctuates rapidly with changing x, up to a maximum speed which is
 vcl(x). However, if one compares Eq. (11) with Eq. (9), one sees that the places
where jvB(x, t)j  vcl(x) are precisely the places where jhx j ψtij2 (the unaveraged
function|not the mean probability density ρ) is small. It follows that, if one
took an ensemble of identically prepared systems then, at any given instant, very
few systems would be found to have an instantaneous speed greatly in excess of
the classical speed. These considerations do not invalidate the argument of the last
section, since it remains the case that for a non-negligible fraction of the members of
the ensemble the speed will greatly exceed the classical value at some future instant
(this remark may become clearer after we have solved the equation of motion).
However, they may be thought to provide grounds for questioning the signicance of
the argument. The fact that there is a very low probability of nding a speed greatly
in excess of the classical speed at any given instant means that the times when jvBj
is  vcl must typically be of very short duration. It follows that the time-averaged
velocity will typically be much less than the peak value of the instantaneous velocity.
Indeed, there is nothing in the considerations of the previous section to exclude the
possibility that the time-averaged velocity approximately coincides with one of the
values vcl. Since the instantaneous velocity is very rapidly fluctuating one might
argue that it is really the time-averaged velocity which is relevant; and, in short,
that there may be a high probability of the motion being effectively quasi-classical,
even in cases where the state is not a localised wave packet.
We now address this objection, by calculating the time-averaged velocity, and
showing that there is only a high probability of it being close to one of the values
vcl in the case of a narrowly localised wave packet.





ρ+(x, t) − ρ−(x, t)

ρ+(x, t) + ρ−(x, t) − 2
p
ρ+(x, t)ρ−(x, t) cos

2
~S(x) + φ+(x, t)− φ−(x, t)

subject to the initial condition x = x0 when t = t0 [see Eq. (11)]. We are interested
in the motion over a time interval  T∆n for which the displacement jx − x0j 
10
a+−a−




















S(x0) + φ+(x0, t0)− φ−(x0, t0)












 (vcl(x0) tanhχ0) (t− t0) (13)
If x− x0  λ0 we may write
x  x0 + vT(t− t0)









 vcl(x0) tanhχ0 (14)
τ being the time to move one de Broglie wavelength, λ0vcl(x0) tanhχ0 .
In Fig. 2 we illustrate this result by plotting x−x0 as a function of t− t0 for the







Figure 2. The solid line shows the dependence of x on t for the
case φ0 = 0, χ0 = 0.01. See Eq. (13). The broken line shows the
time-averaged trajectory x = x0 + vT(t − t0). Units have been
chosen so that λ0 = vcl(x0) = 1.
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case φ0 = 0, χ0 = 0.01 (implying
ρ+
ρ− = 1.02 and vT = 0.01vcl(x0)). The behaviour
of the velocity as a function of time is illustrated in Fig. 3.
The graphs in Fig. 3 illustrate the fact that if χ0  0 (so that ρ+  ρ−) the
speed peaks at a value which is very much greater than vcl. However, they also
show that this phenomenon is of very short duration. An equally signicant feature
of the motion is the fact that the speed is, for the most part, very much smaller
than vcl. As a result jvTj  vcl.
The condition for vT to be close to vcl is that jχ0j  0. This is the same as the
condition derived in the last section [c.f. Eq. (12)]. Consequently, the conclusion
still stands, that there is only a high probability of the motion being quasi-classical
in the case of a narrowly localised wave-packet.
4. Garc´ia de Polavieja’s Trajectory Interpretation
It is natural to ask whether the kind of behaviour discussed in sections 2 and 3 is
specic to the Bohm interpretation; or whether, on the contrary, it is an inevitable
feature of any interpretation which postulates the existence of determinate trajec-
tories. In the sequel to this paper we will argue in support of the conclusion of
Bohm and Hiley [2], that Bohm’s theory does produce the correct classical limit
once one takes into account the eect of the environment. However, it would seem
from the work of Garcia de Polavieja [4] that there exists at least one trajectory
interpretation which already gives the correct classical limit, even in the case of
an isolated system. We now investigate the underlying reason for this. It turns
out that by doing so we also gain some insight into the reason why the Bohmian
trajectories behave so dierently|as we discuss in the next section.
In the Bohm interpretation one begins with the configuration space probability
distribution jhx j ψij2. The velocity of the particle is then given as a function of x.
In Garcia de Polavieja’s interpretation, by contrast, one begins with a phase space
probability distribution, and the dynamics is determined by rst-order dierential
equations for both x and p (in which respect it already resembles classical mechanics
much more closely).
The phase space probability distribution that is chosen is the Husimi, or Q-
function [41, 42, 43, 44, 45, 46]. In the case of a system having one degree of




〈(x, p)λ ψ2 (15)
where j(x, p)λi is the coherent state with x-representation wave function
〈
x0














and where λ is a parameter whose signicance is discussed below.
Before proceeding further, it will be useful to calculate Qλ for states of the type































































Figure 3. In graph (a) the solid line shows the dependence of
velocity on time for the case φ0 = 0, χ0 = 0.01, with units chosen
as in Fig. 2, so that λ0 = vcl(x0) = 1. The broken line shows the
time-averaged velocity vT (= 0.01  the classical velocity). It can
be seen that during the greater part of the motion the particle is
travelling more slowly than this. In (b) the graph is reproduced
with a dierent choice of scale on the v axis, so as to include the
maxima at 200  the classical velocity. It can be seen that the
peaks are extremely narrow.
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If g are nearly constant over distances  λ|if, in other words,
λ a+ − a−
n
(18)








then we can also write
S(x0)  S(x) + p(x)(x0 − x)
Inserting these approximations in Eq. (17) and performing the Gaussian integration
gives〈
(x, p)λ




























which, in view of Eqs. (7) and (15), implies




















































is the de Broglie wavelength at x. In that case the third, oscillatory term in paren-
theses on the right hand side of Eq. (20) is negligible. Also, the Gaussian peaks
in the rst and second terms are very narrow in comparison with the classical mo-
mentum p(x), and may therefore be regarded as approximate δ-functions. We thus
have







provided that λ−(x)  λ λ+(x).
To illustrate this result, consider the oscillator potential V (x) = 12mω
2x2. Sup-
pose m  1 kg, ω  1 s−1, a  1 m and n . 1017. Then Eq. (23) will be valid
for λ in the range 10−34 m  λ 10−17 m (except, possibly, in the vicinity of the
turning points, where the approximation made in Eq. (3) breaks down).
The fact that Qλ is concentrated on the classical energy surface at p = p(x)
means that the expression on the right hand side of Eq. (23) is a possible classical
distribution for a particle having energy En¯. It describes a situation in which there
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is probability ρ+(x)δx (respectively, ρ−(x)δx) that the particle is in the interval
(x, x+ δx) and moving with the classical speed to the right (respectively, left).
Of course, this is not enough to show that the trajectories are quasi-classical (for
that we would have to solve the equation of motion). However, it clearly lends some
additional support to the hypothesis, that in Garcia de Polavieja’s interpretation
the trajectories of an isolated particle are generically quasiclassical in the limit of
large quantum number, provided that the value of λ is within the indicated limits.
Suppose, on the other hand, that λ is much less than the de Broglie wavelength.
In that case the widths of the Gaussian peaks on the right hand side of Eq. (20)
are much larger than p(x), so that we have, approximately,

















S(x) + φ+(x)− φ−(x)
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Comparing this expression with Eq. (9) we see that








 hx j ψti2 (24)
This is clearly very dierent from the kind of distribution to be expected for a clas-
sical particle whose energy is close to En¯. In the rst place, there is a signicant
probability that jpj  p(x). In the second place, the values of x and p are com-
pletely uncorrelated. Finally, there are rapid fluctuations in the direction parallel
to the x-axis which, although they do not strictly conflict, are certainly somewhat
unexpected from the point of view of classical intuition.
For the sake of completeness we mention that in the limit as λ!1 one has [46]







 hp j ψti2 (25)
This distribution is also highly non-classical.
Let us now consider the reason why Garcia de Polavieja’s interpretation gives a
quasi-classical probability distribution for a certain range of values of λ.
In the Bohm interpretation the probability distribution for the actual position
is the function jhx j ψij2. This is the probability density function describing the
outcome of a perfectly accurate measurement of x. In order to get a distribution of
results which approximates this function it would in general be necessary to measure
x up to an error the de Broglie wavelength (since the de Broglie wavelength gives
the scale of the variations in jhx j ψij2). Such a measurement would typically require
the use of a probe whose momentum was much greater than the momentum of the
body whose position is being measured. In the case of a macroscopic body it is not
certain that measurements of this kind are even possible. They are, in any case,
very dierent from the kind of measurement which provides the experimental basis
for classical physics.
In the next section we will argue that this is one of the two main reasons why
the Bohmian trajectories are often so much at variance with classical intuition.
It is partly because the intrinsic probability distribution, describing the \beables"
themselves, is chosen to match the outcome of observations made under conditions
which are remote from the conditions of our ordinary experience.
By contrast, the function Qλ(x, p), giving the intrinsic distribution of the \be-
ables" in Garcia de Polavieja’s interpretation, describes the outcome of measure-
ments made under conditions which approximate much more nearly to the con-
ditions of our ordinary experience, and to the conditions under which classical
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mechanics is applicable (provided that the value of λ is appropriately chosen). It is
therefore not surprising that, in the case of a macroscopic body, the time-evolution
of the \beables" approximates much more closely to the evolution that we ordinarily
experience, and that classical mechanics describes.
In order to appreciate this point it is necessary to appreciate the physical sig-
nicance of the Husimi function, as the canonical probability distribution for si-
multaneous retrodictive measurements of position and momentum [47, 52]. For
many years after the discovery of quantum mechanics the formal theory of mea-
surement was largely conned to measurements of sets of commuting observables.
Moreover, in the absence of any clear denition of the concept of an \unsharp"
measurement, formal discussion usually had to be further restricted to the case of
perfectly accurate measurements. This was not only unsatisfactory (perfectly ac-
curate measurements are unphysical), it was even a little ironic, given the pivotal
role of simultaneous, \unsharp" measurements of x and p in Heisenberg’s seminal
account [53, 54] of one of the fundamental principles of Quantum Mechanics.
Starting with the work of Davies [55], Holevo [56], Prugovecki [57] and others, the
situation has been transformed during the last thirty years. Much of the progress
has been due to advances in the eld of quantum optics. As a result of these
advances simultaneous, imperfectly accurate determinations of non-commuting ob-
servables are no longer conned to the idealised world of gedanken experiments.
They can actually be realised in the laboratory. For recent reviews of these de-
velopments the reader may consult Leonhardt [44] and Busch et al [48]. For a
proposed simultaneous measurement of the position and momentum of a single
atom (as opposed to two quadratures of a mode of the electromagnetic eld) see
Power et al [58].
Building on the work of Ali and Prugovecki [47] and Braginsky and Khalili [59] we
have recently shown that the Husimi function Qλ(x, p) has a canonical or universal
signicance for simultaneous measurements of position and momentum.
We began [49, 50, 51] by extending Braginsky and Khalili’s method of charac-
terising the accuracy of measurements of sets of commuting observables to the case
when the observables are non-commuting. We then showed [51] that the retrodic-
tive errors in the measurements of x and p, eix and eip, satisfy the inequality
eixeip  ~2 (26)
This relation appears to capture part (not all) of the intuitive content of Heisen-
berg’s original paper [53] (for a discussion of the problem of interpreting Heisen-
berg’s paper see Hilgevoord and Unk [60]). However, it needs to be carefully
distinguished from the inequality which is most commonly meant by the term \Un-
certainty Principle". The quantities eix, eip are specically errors. They are
not the same thing as the standard deviations x, p.
We dene a retrodictively optimal measurement to be one for which the lower
bound set by this inequality is actually achieved, and which is also retrodictively
unbiased. We have shown [52] that, if the measurement is retrodictively optimal
with eix = λp2 and eip =
~p
2λ
, then the distribution of measured values is
necessarily given by the function Qλ(x, p). This is a generalisation of the result
proved by Ali and Prugovecki [47]. It is a universal property: it only depends on
the measurement being retrodictively optimal, and is otherwise independent of the
details of the particular measurement process employed.
In ref. [52] we argued that the fact that the Husimi function has this universal
property justies the proposition, that it plays the same canonical role in respect
to joint measurements of x and p as does the function jhx j ψij2 in respect to single
measurements of x only. It can also be regarded as the quantum mechanical object
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which most nearly corresponds to the classical concept of the \real", or \objec-
tive" phase space probability distribution characterising an ensemble of identically
prepared systems. Of course, there is only one classical distribution, whereas the
functions Qλ constitute a one-parameter family. However, that is to be regarded as
a natural consequence of the fact that in quantum mechanics x and p cannot both
be determined to arbitrary accuracy. An increased accuracy in the determination
of x can only be purchased at the expense of a decreased accuracy in the determi-
nation of p. The dependence of the probability distribution on the parameter λ is
a reflection of this.
If one keeps in mind the physical signicance of the Husimi function, then one can
easily understand its dependence on the value of λ, as illustrated in Eqs. (23{25).
If λ =
p
2eix is  the de Broglie wavelength, then the measurement of x is
suciently accurate to pick up all the ne details in the x-space probability density
function, jhx j ψij2. On the other hand eip = ~p2λ is  the classical momentum.
Consequently, the measurement of p is much too coarse to detect the dependence
of momentum on position. This is the reason why the right hand side of Eq. (24)
is a product of jhx j ψij2 with an extremely broad Gaussian, the values of x and p
being completely uncorrelated.
If, on the other hand, λ is  the amplitude of the classical motion, then we have
the converse situation. The measurement gives extremely detailed information
about p, but hardly any information about x, so that the correlation between x
and p is again completely washed out|as we see in Eq. (25).
The situations described in the last two paragraphs are both highly non-classical.
Classical physics is not based on situations in which one gains extraordinarily ac-
curate information about one observable, whilst gaining virtually no signicant
information regarding the other1. Rather, it is based on measurements similar2 to
those giving rise to the distribution of Eq. (23), in which both observables are mea-
sured to an intermediate degree of accuracy, so that eix is  than the maximum
value of x on the classical orbit, and eip is  the maximum value of p|thereby
allowing the measurement to pick up the correlation between the values of x and
p. This is the reason why the distribution on the right hand side of Eq. (23) is the
kind of distribution which might be expected classically. It is also the reason why
Garcia de Polavieja’s interpretation produces the correct classical limit even in the
case of an isolated particle.
5. Physical Reasons for the Behaviour of the Bohmian Trajectories
The considerations of the last section provide some interesting insights into the
Bohm interpretation. One might be tempted to suppose that the counter-intuitive
behaviour of the Bohmian trajectories is an inevitable consequence of the attempt
to impose the concept of a trajectory on a theory to which this concept is fundamen-
tally alien. However, Garcia de Polavieja’s work suggests that the counter-intuitive
behaviour of the Bohmian trajectories is actually due, not to constraints inherent in
1Even when one is only interested in one member of a conjugate pair, it is seldom the case
that one has no knowledge at all regarding the other. Suppose, for instance, that one makes a
careful measurement of the momentum of the bob of a classical pendulum. Even though one is
not explicitly interested in the position, one still does know (for example) that the bob is in the
same laboratory as oneself, and not in the next room. Even though the position has not been
formally measured, and the result recorded in a laboratory notebook, nevertheless it has been
tacitly determined (albeit not very accurately). For an interesting discussion of the issues raised
by this point see Polanyi [61].
2They are not exactly the same because the measurements on which classical physics is based
are not generally optimal. We have discussed the kind of distribution to be expected in the case
of a sub-optimal measurement in ref. [50].
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the very concept of a trajectory interpretation, but rather to avoidable features spe-
cic to the particular way in which the Bohm Interpretation realises this concept.








This is the mean velocity at x in Garcia de Polavieja’s interpretation. It would
also be the mean velocity observed at x, if one were to make retrodictively optimal


































2i cos  2~S(x) + φ+(x) − φ−(x)
Suppose, rst of all, that λ is in the range λ−(x)  λ λ+(x). This is the range
of values for which Qλ(x, p) takes the approximately classical form of Eq. (23). In
that case the third, oscillatory term in the denominator is negligible. Comparing
with Eq. (14) we see that, for λ in this range, vλ(x) coincides with vT(x), the
time-averaged Bohmian velocity at x.
Suppose, on the other hand, that we take the limit as λ ! 0. Comparing with




In other words, vB(x) is the mean velocity which would actually be observed at x if
one were to make retrodictively optimal measurements with eix the de Broglie
wavelength, and eip than the maximum value of the classical momentum.
In Section 2 we saw that jvB(x)j tends to take values which are much larger
than the clasical speed, while in Section 3 we saw that jvT(x)j exhibits the opposite
behaviour, often taking values which are much less than the classical speed. The
result just derived explains both these features.
The reason for the velocity spikes illustrated in Fig. 3(b) is that vB(x) is the mean
observed velocity at x in the limit as the measurement of position becomes almost
perfectly accurate. In order to carry out such a measurement it would be necessary
to use a probe whose momentum was large in comparison with the momentum of
the particle. Under such conditions violent fluctuations in the observed velocity are
not unexpected.
The reason that jvT(x)j is often much less than the classical speed is that the
Bohmian velocity is related specically to the mean observed velocity at x. Suppose,
for example, that the particle was in an exact energy eigenstate. In that case
ρ−(x) = ρ+(x), and vλ(x) = 0 (for all λ). In Garcia de Polavieja’s interpretation
this implies the classical picture of an ensemble of particles, one half of which
are moving at the classical speed to the right, while the other half are moving
at the classical speed to the left, with only the mean velocity being zero. In the
Bohm interpretation, by contrast, it implies the highly non-classical picture of an
ensemble in which each individual particle has velocity zero. The picture is non-
classical because it takes a quantity having the observational signicance of a mean,
and interprets it as a property of individual particles.
It is also interesting to express the instantaneous Bohmian velocity in terms of
the Wigner function. The Wigner function corresponding to the state jψi is dened
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from which it is readily inferred that





















If W (x, p) could be interpreted as a phase space probability distribution, then vB(x)
would be the mean velocity at x corresponding to this distribution. In fact, W (x, p)
is not generally interpretable as a probability distribution, since it can take negative
values. This provides us with another explanation for the tendency of jvB(x)j to
take values greatly in excess of the classical speed.
It also provides us with a useful indication of the circumstances in which the
behaviour of the Bohmian trajectories might be expected to become more nearly
classical. Positivity of the Wigner function is often used as a criterion of clas-
sicality in quantum optics, and elsewhere. The advantage of Eq. (28) is that it
provides a connection between the problem of determining the classical limit in the
Bohm interpretation, and this problem as it appears in other approaches to the
interpretation of quantum mechanics.
In particular, decoherence characteristically has the eect of reducing the ten-
dency of the Wigner function to swing negative [24]. One might therefore expect
decoherence to reduce the tendency of jvB(x)j to take values greatly in excess of
the classical speed. Detailed calculation conrms this suggestion, as we will show
in the following article.
Of course, Eq. (28) still has the form of a mean (or pseudo-mean). One might
consequently anticipate that the tendency discussed in Section 3, for jvT(x)j to
take values much less than the classical speed, will not be aected by decoherence.
However, it turns out that this would be incorrect. In the sequel to this paper we
will show that, at least in the case of the Caldeira-Leggett model [62], decoherence,
if continued for a suciently long time, eventually does have the eect of making
the Bohmian phase space probability distribution approximate very closely to the
classical distribution of Eq. (23). If the same result could be established for other
models of the environment, it would mean that Garcia de Polavieja’s interpretation
gives essentially the same phase space distribution for an isolated system that the
Bohm interpretation gives for a particle interacting with a thermal environment|in
agreement with Bohm and Hiley’s conclusion [2], that the Bohm interpretation can
successfully explain the existence of generic quasi-classicality on the macroscopic
level provided that one takes into account the fact that a macroscopic body is
hardly ever truly isolated.
6. Other Trajectory Interpretations
It should be stressed, that notwithstanding its obvious advantages, Garcia de
Polavieja’s interpretation also suers from certain drawbacks. In the rst place,
the equations of motion involve an innite series, whose individual terms are often
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only dened in a distributional sense, and whose convergence properties are un-
clear. In fact, as we will show in a subsequent article, the analytic properties [46]
of the Husimi function can be used to re-write the equations of motion in a dier-
ent form, which involves an absolutely convergent series of holomorphic functions.
Nevertheless, it does not seem to be possible to avoid the use of an innite series|
which is clearly undesirable from a calculational point of view. Another possible
diculty stems from the fact that the range of admissible values of λ depends on
the potential. It is not entirely clear that there exists a single value of λ which
would be admissible for all physically reasonable choices of potential. For these
reasons it might be worthwhile to enquire whether there exists some other trajec-
tory interpretation, which preserves the desirable features of Garcia de Polavieja’s
interpretation, but which does not have the same disadvantages. This could be one
of the interpretations [4, 5, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40]
which have already been proposed in the literature, or it could be a completely
novel interpretation.
The considerations of the last section may provide some useful indications as to
the direction to take in such an enquiry. In any interpretation of this kind one needs
to make a choice as to the intrinsic probability distribution describing the \beables"
of the theory. Usually the intrinsic phase space distribution is chosen to have, as one
of its marginal distributions, either the function jhx j ψij2 (describing the outcome of
a perfectly accurate measurement of position), or the function jhp j ψij2 (describing
the outcome of a perfectly accurate measurement of momentum). Roy and Singh,
in a very interesting series of papers [34, 35, 36], have proposed an interpretation
in which the intrinsic distribution has both these functions as its marginals.
Garcia de Polavieja’s interpretation is like the interpretation of Roy and Singh
in that position and momentum are treated symmetrically. However, it diers from
theirs and, indeed, from every other such interpretation, in that the Husimi function
does not have either of the functions jhx j ψij2, jhp j ψij2 as a marginal. Instead, the
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The reason that ρX(x) and ρP(p) take this form is, of course, that unlike the
functions jhx j ψij2 and jhp j ψij2, they describe the outcome of measurements which
are not perfectly accurate.
The fact that the Husimi function does not have jhx j ψij2 and jhp j ψij2 as its
marginal distributions is often regarded as an undesirable feature [63]|which, in-
deed, it is, for certain purposes. However, if one is specically interested in con-
structing a trajectory interpretation then it may actually be an advantage. We
argued in the last two sections that it is (in part) precisely because the Bohm in-
terpretation does have jhx j ψij2 as the intrinsic x-distribution, that it often fails to
produce the correct classical limit in the case of an isolated system.
In the sequel to this paper we will in argue in support of Bohm and Hiley’s
conclusion [2], that the Bohm interpretation does produce the correct classical
limit provided that one takes into account the interaction with the environment.
It may be that the same is true of other interpretations having jhx j ψij2 as the
intrinsic x-distribution. The question requires further investigation. However, the
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results obtained in Sections 4 and 5 suggest that interpretations based on dierent
intrinsic x-distributions might be equally worth investigating.
Classical physics is based on inexact measurements. It would seem to follow,
that if one’s aim is to approximately reproduce the predictions of classical physics
in the appropriate limit, then the natural place to start is with a distribution like
the Husimi function, which describes the results of such measurements|unlike
the function jhx j ψij2, which describes the outcome of measurements made under
conditions which are very dierent from the conditions under which classical physics
is applicable.
7. Conclusion
If the Bohm interpretation was incapable of producing the correct classical limit
at all, then that would constitute a serious problem (since the interpretation would
then become mired in long-standing, and hitherto intractable philosophical per-
plexities having to do with the nature of consciousness, as discussed in Section 1).
However, we will argue in the sequel to this paper that the interpretation does
in fact produce the correct classical limit as a consequence of the interaction of a
macroscopic body with its environment. It follows, that the considerations of this
paper do not provide the grounds for any fundamental objection to the Bohm in-
terpretation, touching on its status as a valid, coherent interpretation of quantum
mechanics which is consistent with all the known facts.
Nevertheless, the failure of the Bohm interpretation generally to produce the
correct classical limit in the case of an isolated system, must be accounted an un-
satisfactory feature, and possible grounds for preferring some alternative trajectory
interpretation. To see this, one needs to recognise that there is more than one
reason for being interested in trajectory interpretations.
Discussion of the Bohm interpretation tends to take place on the level of rst
principles. Thus, Goldstein [64] considers that \Bohmian mechanics is . . . by far
the simplest and clearest version of quantum theory." Zeh [26] takes the opposite
view. Bohm and Hiley (on p.5 of their book [2]) argue for a third position, that
\there should be a kind of dialogue between dierent interpretations, rather than
a struggle to establish the primacy of any one of them" (Vaidman’s [11] recollec-
tion of a conversation with Bohm is also very relevant in this connection). The
questions raised by such discussions are clearly important. However, one should
not lose sight of the fact that there is a much more pragmatic reason why someone
might be interested in trajectory interpretations. One might be comparatively lit-
tle interested in questions as to the philosophical acceptability of postulating the
existence of \beables" in addition to the wave function. Instead, one might simply
be interested in them as a convenient technical device.
The existence of the trajectories of macroscopic bodies is, at least in some ap-
proximate and contingent sense, a fact which quantum mechanics has to explain,
if it is fully to account for experiment (experiment in general, and its own exper-
imental support in particular). The only question is as to the precise form of the
explanation|whether the explanation is in terms of the existence of microscopic
particle trajectories, or whether one adopts some other approach, such as decoher-
ent histories [22, 23].
It is clear, that the dierent interpretations must all give the same predictions as
to the conditional probabilities of the various macroscopic trajectories which may
be observed, for a given set of initial conditions (if they did not, they could not all
be regarded as alternative interpretations of a single underlying theory). However,
it does not follow that the calculations would be just as easy to perform in one
approach, as in another. Moreover, it is at least conceivable that the calculations
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would be most easy to perform within the context of a trajectory interpretation
(there is a precedent for a line of thought, which begins as an investigation into
the deep foundational questions, turning out to have important practical applica-
tions [65]). In fact, this might even seem to be likely. If it is specically particle
trajectories in which one is interested, then the most natural approach to adopt
might seem to be an approach which posits such trajectories at the outset (purely
as a mathematical device, without thereby imposing any burden of metaphysical
belief). The work of Garcia de Polavieja [4] discussed earlier may, perhaps, be cited
as an instance of this, since it was partly motivated by the problem of calculating
the quantum corrections to classical chaos.
If one is interested in trajectory interpretations for these kind of pragamatic,
or calculational reasons then the failure of the Bohm interpretation typically to
produce the correct classical limit in the case of an isolated system is clearly a
disadvantage. The fact that it does produce the correct limit once one takes into
account the eect of the environment,though it may be impressive from a conceptual
point of view, as securing the validity of the interpretation, is not very impressive
when regarded from the perspective of one whose primary desire is to perform
calculations. As Omnes [23] has justly remarked, calculating the environmental
eects on a macroscopic body is very dicult. It would clearly be preferable to use
an interpretation which already produces the correct limit in the case of an isolated
body.
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